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Abstract. The existence of solutions of free boundary problems with discontinuous nonlineari- 
tia arising in Plasma Physics ia studied. 
1. INTRODUCTION 
In this note we deal with the so called “Grad-Shafranov” equation concerning the equilib- 
rium of a steady plasma confined in a toroidal cavity with cross section Q. 
The Physical model leads to seek for a 2 0 and u = u(z) solving a semilinear equation of 
the type 
-Au = f(u -u), in R, u(z) = 0, on 8R. (I) 
and satisfying an additional boundary constraint. We deal with the case in which f(s) has 
a simple discont.inuity at s = 0 and f(s) 5 os + p, with Q < X1, the first eigenvalue of -A 
on H,‘(R). Let us remark that discontinuous f arises very naturally when one deals with 
plasmas, as in the present case. 
In contrast with a result of [5] dealing with continuous f, we show here that if j(O+) >> 1, 
then the Grad-Shafranov equation has the solution corresponding to a confinement of the 
plasma strictly contained in S2. 
The proof is carried out by means of a global bifurcation result for (1) which is discussed 
in 53 and could have an interest in itself. 
2. MAIN RESULT 
Consider a plasma with cylindrical symmetry confined in toroidal cavity with cross section 
R and let II denote the flux function related to the magnetic field B. 
The problem we will deal with is the following one (see [S] for more details): given I > 0, 
to find a > 0, a subset f&, of R and function v E C2(n) n C’(Q \ %2,) such that 
-Au = u(u) in Sz,, v>OiniZ,, v=Oon&& (2-i) 
-Av=OonR\R,,, v=-aonaQ (2-ii) 
-I &I -_=I in an (2-iii) 
Here R is a smooth, bounded domain in R N, R, is the region (a priori unknown) occupied 
by the plasma, n denotes the outer unit normal at 80 and u is the function related with the 
electric field. The physically relevant case is when Q, is strictly contained in Q and (hence) 
a > 0. 
In the sequel we will suppose that Q is Steiner symmetric [4] about, say, the plane 21 = 0. 
The symbol U* will denote the Steiner symmetrization of the function u. 
On Q: R+ --* R+ we will assume: 
(Al) u E C’#“(R+, R+) and is non-decreasing; 
(A2) g(s) 5 (YS + p, with Q < Ar and /3 > 0; 
(A3) u(O+) = b > 0. 
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In sections 3 and 4 we will prove: 
THEOREM 1. Suppose that Q is symmetric and (Al-2-3) hold. Given Z > 0, let b satisfy 
be meas[fl] > Z (3) 
Then there is a > 0 such that (2) has a solution v = v*, corresponding to a region n2, 
strictly contained in Q. 
REMARK 2. It is easy tosee (cf. [5]) that ifb = 0 and a(s) = (YS, a < Xi, then any solution 
of (2) corresponds to a = 0 and hence to Q, = R. 
3. A GLOBAL BIFURCATION RESULT 
Let h denote the Heaviside function, i.e., h(s) = 0 Vs ,< 0 and /z(s) = 1 Vs > 0. Setting 
f(s) = h(s)a(s) and u = v + a, equations in (2-i-ii) give rise to a Boundary Value Problem 
of the type (1) where f, as a consequence of (A3), has a discontinuity at s = 0. Note that, 
with these notations, R, = {u 1 a}, hence R, is strictly contained in R iff a > 0. We set 
T(a)(= 60,) = {z E S+(z) = a}. 
By a positive solution of (1) we mean an u E C~(S2)flC*(n-Z’(a)) such that u(z) 2 0 and u 
solves pointwise (1) on R-T(a). We anticipate that we will show that IT(a)] =: meas[T(a)] = 
0 (meas[.] stands for Lebesgue measure). 
Let C denote the set of (a,u) such that a 2 0 and u is a positive solution of (1) and 
Cc = {U]U f 0 is a positive solution of(l), with a = 0). 
First of all, f is approximated with fc E CO@(R, R), E > 0, defined by setting 
fc(s) = f(s) for s < -e and s > 0; jc(s) = f(O+) (f + 1) for -e 5 s < 0. 
Denote by (1-c) the problem (1) with f substituted by fe and by C(E) the set of pairs 
(a, U) such that u is a positive solution of (I-E). Taking into account that (l- E) is an elliptic 
boundary value problem with a confinvovs nonlinearity, one uses degree theoretic arguments 
as in [l] to show: 
LEMMA 3. There is a global branch S(E) c C(E) b f i urcating from (s,O). Moreover S(E) is 
bounded in R+ x C(Q). 
Lemma 3 allows us to perform a limiting procedure similar to that one in [2], yielding the 
following global bifurcation result for (1): 
LEMMA 4. There exists a global branch S C C (i.e., a closed, connected component of C) 
such that: 
(i) (0,O) E S and if (a,O) E S the a = 0; 
(ii) S is bounded in R+ x C(S2); 
(iii) if (a,u) E S, with 0 < ]]u]] co small, then a > 0. As a consequence, there is ac > 0 
such that Va l ]O,ae[ (1) h as at least two distinct solutions with (a, U) E S; moreover 
SnCo#O. 
(iv) any u E S is symmetric, du/Btl < 0 for tl > 0, and IT(a)] = 0. 
PROOF: (Sketch) The idea of the proof is, roughly, the following. 
First, Lemma 3 and a limiting procedure based upon a topological lemma ([2, Lemma 3.31) 
yields the existence of a global branch S c C. 
Assumption (A2) implies readily that 3a’,p > 0 such that S c [O,a’] x {u E C(Q) : 
II4lw < PI* 
The result of [3] implies that the solutions of (1-E) and hence of (1) are symmetric; 
moreover the weak maximum principle applied to &/dzi < 0 for tl > 0 and (iv) follows. 
As for (iii), one can argue by contradiction: let un be a sequence such that 
-au, = f(u,) in R, u, = 0 on dR 
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Sim llunlloo -+ 0. If 4 is an eigenfunction associated to Xl, we set un = G,d + wn, with 
1 W,#J = 0. There results . . 
Alt” j,dl= Jnf(u.)m 
Since IIunlla, --* 0 then 1, + 0, and passing to the limit one has 
o= J f (0+>4l n 
a contradiction. 
Lastly, (ii) and the preceding argument imply that S n C,(= S(E) n CO) # 0. I 
4. PROOF 
According to Lemma 4, there is a closed, connected component S of positive solutions of 
(a-i-ii) branching off from a = 0, u = 0. 
Let y be the function defined on S by setting 
In view of the properties of S listed in Lemma 4, it suffices to find (a, u) E S such that 
a>Oandr(a,u)=I. 
Now, there results 
(4) 
Recall that S is connected and notice that 7 is continuous. Then, from y(O,O) = 0, I > 0 
and (3) we infer that the equation 7 = 0 has a solution (a, u) E S with u # 0. 
By (4), a > 0 and the region R, is strictly contained in 52. I 
REFERENCES 
1. A Ambrosetti and P. Hess, Positive solutions of asymptotically linear elliptic eigenvalue problems, J. 
Math. Anal. Appl. 73, 411-422 (1980). 
2. C. J. Amick, A global branch of steady vortex rings, 3. Rein. Angew. Math. 384, 1-23 (1988). 
3. B. Gidas, W. M. Ni and L. Nirenberg, Symmetry and related properties via the maximum principle, 
Comm. Math. Phys. G8, 204-243 (1979). 
4. G. Polya and G. &ego, Isopetimeiric inequalities in mathematical physics, Princeton University Press, 
(1951). 
5. J. P. Puel, Sur un probleme de valeur propre non lineaire et de frontiere libre, C.R.A.S. 284, 661-863 
(1977). 
6. FL Temam, A nonlinear eigenvalue problem: the shape at equilibrium of a confined plasma, .Jrch. Rat. 
Mech. d Analysis 60, 51-73 (1975). 
Scuola Nor-male Superiore, Pisa, 56100 Italy 
